SQUARE FUNCTIONS IN THE HERMITE SETTING FOR FUNCTIONS 
WITH VALUES IN UMD SPACES 

J.J. BETANCOR, A.J. CASTRO, J. CURBELO, J.C. FARINA, AND L. RODRIGUEZ-MESA 

Abstract. In this paper we characterize the Lebesgue Bochner spaces LP(R",B), 1 < p < 
oo, by using Littlewood-Paley g-functions in the Hermite setting, provided that S is a UMD 
Banach space. We use 7-radonifying operators '^{H,B) where H = L^((0,oo), ^). We also 
characterize the UMD Banach spaces in terms of L^iW^ , B) — L^iM." ,^{H, B)) boundedness 
^S) , of Hermite Littlewood-Paley g-functions. 

o 

C^ . 1. Introduction 



< 



C^ 



X 



As it is wellkiiown the Hilbert transform ,^{f) of / e L'°(K), 1 <p < 00, is defined by 
M'{f){x) = - lim / -"^^^dy, a.e. x e R. 

TT £^0+ J|^_j^|>e x-y 

The operator J^f is bounded from LP(R) into itself, for every 1 < p < 00, and from L^(M) into 

\m/ . i^'°°(]R). If 1 < p < 00 and i? is a Banach space, the Hilbert transform is defined on L''(R) (g) B 

r"| ' in a natural way. A Banach space B is said to be a UMD space when the Hilbert transform Jf 

can be extended to the Bochnner-Lebesgue space LP(R, B) as a bounded operator from ^^(R, B) 

into itself, for some 1 < p < 00. The UMD property does not depend on p. Indeed, if Jff can 

be extended to L'p{M., B) as a bounded operator from LP(R, B) into itself, for some 1 < p < oo, 

then this property holds for every 1 < p < 00. Moreover, _B is a UMD Banach space if and only 

if the Hilbert transform can be extended to L^(R, B) as a bounded operator from L^(R, B) into 

1^ ' L^'°°(R,i3). There exist many other characterizations for the UMD Banach spaces ([T], [5], [3], 

ir^ . [S], [Z]) [in] and pJJ, amongst others). 

■.-4- ' Inspired by the results due to Kaiser and Weis [T?] , in this paper we characterize the Bochner- 

Lebesgue spaces LP(M",i?), 1 < p < 00, where _B is a UMD space, by using Littlewood-Paley 
r^ ' (j-functions associated with the Poisson semigroup for the Hermite operator and 7-radonifying 

f^ . operators. We also obtain new characterizations of UMD Banach spaces. 

CsJ ' We consider the Hermite (also called harmonic oscillator) operator 

L = -A + bP, on M", n > 1, 



where A denotes the Euclidean Laplacian. For every fc e N, we define the A:-th Hermite function 

by 



being Hk the fc-th Hermite polynomial ([Ml p. 106]) given by Hk{z) = (-l)*''e^^^e~^^, z e M. 
If A; = (fci, . . . , fc„) e N", and hk{x) ~ YVj=i ^kj (xj), x = (xi, . . . , a;„) S E", we have that 

Lhk = {2\k\+n)hk, 

where |fc| = fci + . . . + fc„. The system {hk}kefi" is orthonormal and complete in L^(R"). The 
operator Jff is defined by 

if(/)= ^(2|fc|+n)(/,/ife)/i,, feD{^), 
feeN" 
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where 

D(^) - {/ e L2(K") : J2 |(2|A:| + n)(/,MI'<oo}. 

feeN" 

Here, for every k e N" and / e L^{W'), (/, hk) = /r„ f{y)hk{y)dy. It is clear that if (/) = L(/), 

when / belongs to C^iW^). the space of smooth functions with compact support in R". The 

operator —^ generates on L^(]R") the semigroup of operators {W^}t>a where, for every t > 0, 

According to the Mehler's formula ([25l (1.1.36)]) we get, for every / e L^{W^), 
(1) W^{f){x) = / W^{x,y)f{y)dy, x G M" and i > 0, 

being 



Wf{x,y) = -^ [y^^^) '"P \ 2 l-e-4^ + T^T^j , x,y G M" and t > 0. 

By defining Wj^ {f), for every / e iyP(M"), by ([1]), the family {W{^}tyo is a positive semigroup 
of contractions in LP(R"), for every 1 < p < oo. 

The Poisson semigroup associated to ^ (generated by — V^) on LP(R") can be written by 
using the subordination formula as follows 

Pfif) = -= / ^-ie-^P^f (/)du, i > 0, / e iP(R"), 
V47r Jo 

for every 1 < p < oo. 

The usual Littlewood-Paley g-function for the Poisson semigroup {Pj~}tyo is defined by 



9J^{f){^) 



t^^Pf{f){x] 



^ dt 



tl ' "^ 



oo, 



According to [22, Theorem 3.2] and [5, Proposition 2.3] we have that, for every 1 < p < 

(2) ^ll/IUnK") < Il5^(/)IU''(K") < C||/|Up(k.), / e LP{R"). 

Segovia and Wheeden ([IH]) defined a fractional derivative as follows. If F{x,t), x S R" and 
t > 0, is a good enough function and cr > 0, the tr-th i-derivative dfF{x, t) of F is given by 

^ — i-K{rn~(T) TOO c\m 

dfF(x, t) = — / ^^F{x, t + s)s"'-''-^ds, a; G R" and t > 0, 

* ^ ^ r(m - (t) 7o 9^" V ' ^ 

where m is the smallest integer which strictly exceeds a. By using this fractional derivative, 
Segovia and Wheeden introduced a generalized Littlewood-Paley g-function by 

5-A,.(/)(x) ^ (^^°° |t-arpr^(/)(^)Py) \ ^ > 0. 

Here {Pf }t>o denotes the Poisson semigroup for the classical Laplacian operator. They cha- 
racterized Sobolev spaces in terms of the square functions g-A.a- 

Inspired by [19_, in [5J the generalized Littlewood-Paley function g_^^a associated with the 
Poisson semigroup for the Hermite operator is defined by 

3^,.(/)(^) = (^°° rd^Pfif){x)fj^ \ a > 0. 

It is clear that gsg,i = gse- Recently, Torrea and Zhang [26J have considered generalized 
Littlewood-Paley g-functions associated with diffusion semigroups (in the sense of Stein [20l 
Chap. III]). 

By taking into account [SJ Proposition 2.3 and §3.2] we obtain the following extension of ([2]), 
for every 1 < p < oo, 

(3) ^II/I|l.(K") < \\9^Af)\\Lv(K^) < C||/|Up(k„), / e LP(R") and a > 0. 
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Our first objective is to extend the definition of the Littlewood-Paley g^ ^-function to func- 
tions / defined on M" and taking values in a Banach space B in such a suitable way that ([3)) 
holds for every / G LP(]R", S), 1 < p < oo. 

Suppose that i? is a Banach space and cr > 0. A first and natural definition of the Littlewood- 
Paley function on LP{W\B), 1 < p < oo, is the fohowing one. If / € LP{W\B), 1 < p < oo, we 
define 

G^,.,b(/)(x) = ^°° \\edrPf{f){x^l jY , xe M". 

This type of g- functions were considered, for instance, in [TS], [2B] and [55]. In [H Theorems 
1 and 2] it was established that B is isomorphic to a Hilbert space if, and only if, for some 
(equivalently, for any) 1 < p < oo, we have that 

(4) ^II/IIl.(R.b) < l|G^a,B(/)llLp(R) < C|l/llLp(M,i3), / G LP{R, B). 

Following the ideas developed in [5B] we can also show that B is isomorphic to a Hilbert space 
if, and only if, for some (or equivalently, for any) 1 < p < oo and cr > 0, 

(5) ^||/||lp(R".s) < ||G^,.,s(/)||lp(R") < C||/||Lp(M",i3), / e LP{W,B). 

The Banach spaces that are isomorphic to Hilbert spaces can also be characterized considering 
in ^ and ^ diffusion semigroups ([TJ] and [26]). 

Motivated by the ideas in [13 and |14| we are going to give a new definition of g-functions in 
the Hermite setting in iP(M", i?), 1 < p < oo, for which we will prove ([5]) for all UMD Banach 
spaces. Note that the UMD property is stable by isomorphisms and that every Hilbert space is 
a UMD space but, for instance, the space £■?(]&"), 1 < g < oo, g ^ 2, is a UMD space which is 
not isomorphic to a Hilbert space. 

We consider a sequence {'yk)'kLi of independent standard Gaussian random variables on a 
probability space ($7,^2/, P). Suppose that 7f is a separable Hilbert space. If T G ^{H,B), 
(that is, T is a bounded operator from H into B) we say that T is a 7-radonifying operator, 
shortly T e jiH, B), when the series X^fcLi lkT{ek) converges in L^(ri, B), where (efc)^j^ is an 
orthonormal basis in H, and we define 

/ C30 

fe=i 

This last quantity does not depend on the orthonormal basis {ek)'kLi- 

The space 7(i?, B) of 7-radonifying operators can be defined for every (not necessarily sepa- 
rable) Hilbert space but in this paper we only consider H = L^((0, 00), ^) that is a separable 
Hilbert space. The main properties of 7-radonifying operators can be found in |27| . 

Suppose that H — L'^{W,ii) where {W,^,fi) is a cr-finite measure space with a countably 
generated cr-algebra 3§ and that f : W ^^ B is a. strongly ^-measurable function such that, for 
every S G B* , the dual space of B, the function 5*0/ belongs to H. There exists a bounded 
operator Tf : H ^ B ioi which 

{S,T-fh)B',B — / {S,f{w))B*.Bh{'w)dfi{w), S £ B* and h £ H, 
Jw 

where {■,-)b*,b denotes the (i?*, i3)-duality. 

We say that / g 'y{W,fj,,B) when Tj g ^{H,B) and then we define 

\\f\\-tiW,ii,B) = \\Tf\\^(H,B)- 

It is usual to identify / with Tf. 

Let a > —n. The semigroup {Wj^'^"}t>o generated by the operator — (^ + a) in _L^(]R") 
can be written as follows 

Wf+''if)= J2 e-*('l'=l+"+"^/,/ife,)/ife, feL^W') and t >0. 

feGN" 

From (P) we deduce that, for every / e _L^(]R"), 

Wf+''{f){x)^ f Wf{x,y)e-'''f{y)dy, x G R" and t > 0. 
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By using the subordination formula, the Poisson semigroup {Pf }t>o associated with Jf + a 
(generated by —\J^ + a) is given by 

J- ("OO 2 

pf+'^i^j)^-— / u-ie'3ir-""Ty5(/)du, / g ^^(M") and t > 0. 
V 47r Jo 

It is clear that, for every t > 0, W^^°' and p-^^" are positive operators. Then, for every 
t > 0, W^^°' and p^^" define bounded operators from L?{W^,B) into itself when the integrals 
are considered in a S-Bochner sense. 

We consider the space H = L^{{0,oo), f) and ct > 0. Suppose that / e L^{W,B). By 
Lemma 2.1(ii)] we have that, for every x G R" and t > 0, 



(6) rd^Pf+^{f){x) = e-- J2 (V2|fc| +n + a)'^e-V2|'=l+"+"(/, h^)h,{x) 

keN" 

and it is strongly measurable (see proof of Proposition ^ . 

According to (22 (2-1) and Lemma 2.1]), for every t > and x E M", the series in ^ 
converges in B. Then, for every S E B* , it follows that, for each x E K", 



{S,t''d^Pf+"{f){x))B',B =€''"' Y. (V2|fc| +n + a)^e-V2|'=l+"+"((5, f}B'.B,hk}hk{x) 

feeN" 

and by using Lemma 2.1(ii) and Proposition 2.1(ii)], we get 

Hence, {S,rdfPf+"if)ix))B',B e H, a.e. x E M". 
We consider the operator ^^+q.(j,_b defined by 

'^^+a,aMf)ix,t) = t^d^Pf+"{f){x), X e K" and i > 0, 

for every / E L'^{W"', B). When ct = 1, instead of '^se+a.i,B, we simply write ^^+q,_b • 
Our first result is the following. 

Theorem 1. Let B he a UMD Banach space, a > — n and ct > 0. Then, the operator ^^+q,ct,s 
is bounded 

{i) from LP{R",B) into LP{W^,j{H, B)), for every l<p<oo, 
(ii) fromL\W,B) into L^^'^iW ,-f{H,B)), and 
{Hi) from H^{W\B) mto L\R",-f{H, B)). 
Moreover, for every 1 < p < od, 

(7) ||/||LP(R",i3) - ll^^+a,.,s(/)||LP(R",^(H,B)), / G ^^(M", i?). 

Note that if / e LP(R"), 1 < p < oo, then 

ll^^,<T,c(/)ll7(ff,c) =gj^.<j{f), 

and ([7]) is an extension of ([3]), because 7(i?, C) — H. 
The Hermite operator L can be factorized as follows 

^ _ l^\f d \ f d \ f d 



2 



9.,+"VUx, "V U., ^VUx, "^ 



The creation operator —V + x and the annihilation operator V + x play an important role in 
the harmonic analysis for the Hermite operator. 
We define, for every j = 1, ...,n, the operators 

T^^{f) = t(^-^±x^Pf{f), fEL\K\B). 

i^-boundedness properties of the operators T^ are now established. 

Theorem 2. Let B he a UMD Banach space and j = l,...,n. The operators T^ are bounded 
from LP{W\B) into LP{M.",'^{H, B)), for every 1 <p < cxd. In the case of T^_ we assume also 
that n > 3. 

We show a new characterization of the UMD Banach spaces. 
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Theorem 3. Let B be a Banach space. The following assertions are equivalent. 

(i) B is UMD. 

(ii) For some (equivalently, for every) 1 < p < oo and j = l,...,n, there exists C > such 
that, for every f e LP{W)<g)B, 



>(E",B) < C'||^^+2,b(/)||lp(R",7(//,B)), 

and 

\\Tj^ + f\\LP{M'\-/{H,B)) < C'||/||lp(K",B)- 

(Hi) For some (equivalently, for every) 1 < p < oo and j = 1, ...,n, there exists C > such 
that, for every f £ LP(M") (g) B, 



an 



d 



Tj-f\\LP{M",'r{H,B)) < C'||/||iP(RTi^s)j 



where n > 3. 



This paper is organized as follows. In Section 2 we prove Tlieorem[TJ Theorem [5] and Theorem 
[3] are shown in Section 3 and Section 4, respectively. It is remarkable that in order to prove 
our results we use a different procedure to the one employed in |14| . In the proof of Kaiser and 
Weis's results ([H]) a Mikhlin type Fourier multiplier theorem f |14l Theorem 2.12]) plays a key 
role. We do not have a vector- valued multiplier theorem for the Hermite expansions. In a first 
step we prove the boundedness of our operators from L^(R",i?) to L'^{M.",'y{H, B)) by making 
a suitable comparison with the corresponding classical and Ornstein-Uhlenbeck operators and 
then by employing pHJ Theorem 4.2, (a), with p = 2]. The L''-boundedness properties for every 
1 < p < oo is showed by using vector- valued Calderon-Zygmund theory for singular integrals. To 
prove the characterization of UMD Banach spaces in Theorem [3] we use a Cauchy-Riemann type 
equations in the Hermite setting which connect ^^f -operators with T-^-operators f |2H Section 

4]). 

Throughout this paper by C and c we always represent positive constants that can change 
from a line to the other one. 

2. Proof of Theorem [T] 
We divide the proof of Theorem [T] in three steps. 

2.1. Our first objective is to see that '^j^'+a a b is a bounded operator from L-^(K",i?) into 
L^iR",jiH,B)). 

It is known (see [1]) that harmonic analysis for the Hermite and Ornstein-Uhlenbeck operators 
are closely connected. We exploit this idea in order to show our objective. 

The Ornstein-Uhlenbeck operator is defined on M" by 

D = -A + 2a;- V. 
If fc ^ (fci, . . . , fc„) e N" and Hk{x) = n^Li Hk, {xj), x = (xi, . . . , x„) € R", then 

OHk = 2\k\Hk. 
The system {Hkjken^, where Hk = ^ \ ^ Hk, (fc! = ki\...knl), k = (fci,...,fc„) g W\ is 

k\2 

orthonormal and complete in i^(R",(iA) where dX = Tr~^e~'^' dx is the Gaussian measure on 
R". We define an extension £>" of the Ornstein-Uhlenbeck operator as follows 

^/= ^ 2\k\{f,Hk)LHR^,dX)Hk, feDiff), 
feeN" 

where Z?(^) = {/ e L^W\dX) : EfeeN-d^lK/, ^fe)L^(R",dA)l)' < ^} and {■,-)mR^,dX) denotes 
the usual inner product in L^(R",(iA). 

The semigroup {Wf}t>Q of operators generated by the operator — ^ is defined by 

Wf{f)= Y. e"""*a^OL^(R",<iA)i?fc, t>0 and f e L^{W\dX). 
feeN" 



6 J. BETANCOR, A.J. CASTRO, J. CURBELO, J.C. FARINA, AND L. RODRIGUEZ-MESA 

According to the Mehler's formula ([251 (1.1.36)]) we can write, for every / e i^(M",(iA) 

(8) Wf{f){x)^ [ Wf{x,y)f{y)dy, x G M" and t > 0, 

being 



Wf{x,y) 



1 / |e-2*2:-y|2 



x, y e M" and t > 0. 



7rt(l-e-4t)t -''' \ l-e-4* 

{Wf}t>0: where Wf is defined by ^ for every i > 0, is a diffusion semigroup (in the sense of 
Stein [20]). 

Let /3 > 0. We define, for every t > 0, 

wf+Pif) = e'^'Wf{f), feLP{W\dX), l<p<oo. 

The semigroup {W^ }t>o of operators is generated by — (€^ + /3) in LP(M",(iA), 1 < p < oo. 
The Poisson semigroup {P^ }t>o associated with & + (3 is given, by using the subordination 
formula, as follows 



Pf^'if) 



t 



4.71 Jo 



u-ie-fc-''"VFf (/)du, / e LP{W\dX), i > and 1 < p < oo. 



For every i > the operators Wf and Pj are defined on LP(R", d\, B), 1 < p < oo, in a 
natural way, the integrals being understood in the P-Bochner sense. 
We consider the operator 

^€^+/3,^,s(/)(a;,i) = t''d^Pf+'^{f){x), f e LP(]R",dA,B), 1< p < oo, x G R" and i > 0, 

where a > 0. Harboure, Torrea and Viviani [10] and Martinez, Torrea and Xu [15] have investi- 
gated g-functions associated to Ornstein-Uhlenbeck operator ff in Banach valued settings. They 
consider the g-functions defined by 



Gl.Bifm 



t|pf(/)(x)||^|y, gG(l,oo). 



Note that C^ ^{f) = ||^^.i,s(/)|li<!((o oo) ^ b)- ^^^ study follows a different way, by using 
7-radonifying norms. 

In order to prove Theorem [T] we previously need to show the following results. Let us denote 
by P[' (z), z <E K" , i > 0, the classical Poisson kernel given by 

Pf-^{z) - 6„ * 



(t2 + |z|2)^ 



z £ R" and t > 0, 



where 6„ = 7r-'T^r(s±i 



Lemma 1. Let a > 0. Then 

m+l 
2 

f^d^Pr^iz) = g fy (I) , ze M" and t > 0, 

k=Q 

where m is the smallest integer which strictly exceeds a, and, for every k E N, < k < "^^^ , 
Cfe G C and 



/(z) = 



(1 + 7j")™+1^2fe^m — 0-— 1 



((l + i;)2 + |z|2) 



i + 2(,n-fc) + l 



■dv, z G 



Proof. Let m be the smallest integer which strictly exceeds a. We have that 



dfPi^iz) = b, 



p—'iiriin—a) poc r\'. 



T{m — a) Jq dt 



t + s 



((t + .)2 + |z|2)- 



^ds, z G R" and t > 0. 



Suppose that n > 1. According to [8, (4.6)] we get 



d" 



t + s 



((i + s)2 + |z|2)- 



1 d 



m+l 



- 1 at'"+i 



(9^ ± i-ir-'E^^,Mt + sT^'-'' ^" + '^^" + 3) . . . (n + 2(m - fc) - 1) 



/c=0 



2'"+l-'=((i + s)2 + |z|2)' 



i + 2(Tn^fc) + l 1 



zGR",t,s > 0, 
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where S„,+i,fe = fc,(„+iUfc)! . 0<k<^. 

Moreover, after the change of variables s = tv, for every k E N, < k < ^^^^^, we obtain 



{t + s) 



m-\-l — 2k „?n— cr— 1 



a + 2(m-k) + l 



■ds = t 



for each z G K" and i > 0. 

If n = 1 by taking into account that 



(\ _|_ ^yn+l — 2fc^m— cr— 1 



{(i+vY + {\z\/m 



t + 2(m-fc) + l """' 



du, 



(10) 



Qvr. 
5t" 



i + s 



2^ Qm+l 

-^^;;^[hi((t + s)2 + Izp)], z £ M" and i, s > 0, 



_(t + s)2 + |z|2 

we can proceed as above. 

As usual we define the Fourier transform / of / e L'^iW^) by 



D 



I{^) 



^^fiy)dy, xeR" 



It is wellknown that P^ (x) = e *l^l. x € R" and t > 0. It is not hard to see that, for every 
cr > 0, 5fe-*l"^l = e*^'"|a;|'"e-*l^l, x £ M" and i > 0. 

Lemma 2. Lei cr > 0. T/ien 

dfp^^ix) = e*'^'"|a;re-*l="l, a; G R" and i > 0. 

Proof. Let to be the smallest integer which strictly exceeds a. By © and pil| we have that 






t + S 
((t + 5)2 + |z|2)^ 



(11) 

Hence 



< 



< 



t^o((t + s)' + kP) 
c 

(t+|z|)"+'^/2(t + s)™-'^/2 



^+2(m-fc) + l 



z e R" and i, s > 0. 



9"^ 
9t^ 



i + s 



((t + .)2 + |z|2)- 



dsdz < oo, i > 0, 



and we can change the order of integration to get 






t + s 



^m— fj— 1 



((i + .)2 + |z|2) 



dsdz 



dt" 



t + s 



((i + ,s)2 + |z|2)- 



dzds, X e R" and i > 0. 



D 



Then, by interchanging the derivatives and the integral we finish the proof. 

Let _B be a Banach space and ct > 0. We consider the operator ^-a,o-.s defined by 
^-A^aMf) = rd^Pt-'^if), f e cr (R") ® B. 

Proposition 1. Let B be a UMD Banach space and a > 0. Then, ^-a.ct.b can be extended to 
LP{W"-,B) as a bounded operator from LP(R"-,B) into LP{MJ',^{H, B)), for every 1 < p < oo. 

Proof. Let m be the smallest integer which strictly exceeds a. Assume that / e C^ (R") <8) B, 
and 1 < p < oo. We have that 



d^P,-'^if)ix) - / d^Pf'^ix - y)fiy)dy, x e M", and t > 0. 

To justify this equality it is sufficient to take into account (|lip . 
According to Lemma [1] we can write 



t''d'^p-'^{f){x) = (ipt * /)(.t), X e R" and t > 0, 



8 J. BETANCOR, A.J. CASTRO, J. CURBELO, J.C. FARINA, AND L. RODRIGUEZ-MESA 

m + l 

being (p = J2k=o ^kf'', where Ck and (p'' are defined in Lemma [TJ for every fc G N, < fc < ^^^^^. 
Here (pt(z) = t'^'ipiz/t), z e R" and t > 0. Since 

|/(z)|<- riT^ T. r^dv, zeR"andO<fc< 

we have that ip E L^(M"). Moreover, by using Lemma[21 if ?/ G N" we get 



2 ' 



sup / i^hl 

\x\=lJo 



f dP ^^, N 



dt 

— < oo. 
t 



Then, according to [T31 Theorem 4.2] we conclude that ^_a,<t,b can be extended from C^(R")(X) 
B to LP(R", B) as a bounded operator from LP(R", B) into LP(R", 7(if , B)), for every 1< p < 

oo. D 

Lemma 3. Let ct > 0. Then, 

\d'^[te'^]\<Ce-^u^, i,we(0,oo). 
Proof. Let ?7i be the smallest integer which strictly exceeds a. By using [8, (4.6)], we get 

-7^\{t + s)e J^ = -2w— — - 



2 Qm+1 



■2v^ 



1 



2™u— 



^ErE(-ir~'^' 



m-t-l.fc 



/c=0 



, , \ m+l-2k 



where B™+i,fc = ,,„..^ ,, ^iJ , < fc < ^^^^ 



Hence, 



Then, 



k\{m+l-2ky. ' 



9™ ,, , (t+s)^ 

- — \(t + s)e ~^^ 



\dnte-^]\ < Cu- 



< Ce »^u ■ 






<C 



2^/iI 



e su 



e 4„ 



t,s,u Q (0, oo). 



e 8" s" 



^ds 



'ds 



t,u E (0, oo). 



D 



We will actually use the following result only when p = 2, but we do not need to make 
additional efforts to prove it for every 1 < p < oo. 

Proposition 2. Let B be a UMD space, 1 < p < oo, a > and /? > 0. Then, the operator 
'^ff+l3^a,B is bounded from LP {W'',dX,B) into LP{W\dX,-f{H, B)). 

Proof. Our procedure is inspired by the ideas developed in [lOj. We consider the sets 

n{n + 3) 



and 



y^ = ^ (x,2/)eR" xR" : |x-j/| < 
.yf = I (x, y) e R" X R" : Ix - yl < 



l + \x\ + \y 
2n{n + 3) 

We choose a function (p e C°°(R" x R") such that 

1, (x,y)€^. 



V>ix,y) = 



0, ix,y)^,yr, 



and that 



\'^xf{x,y)\ + \Wy<p{x,y)\ < 



C 



\x-y\ 



x,yeW, x^y. 



The operator ^^+/3,cr,s is splitted as follows 
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where, for every / G LP{R", dX, B), 

'^ffl0^.,B{f){^.t)='^ff+P.-Av{x.-)f){^.t). a; G M" and i > 0. 
We define, for every t > 0, the operator P^ by 



P, 



-A+,3 



(3) = 



t 



-/3"W-A 



W-^{g)du, geLP{W\B). 



where, for every i > 0, 

W,-^{g){x) = j ^ W^'^ix - y)g{y)dy, g G LP{R\B) and x e R", 
and 



1 



{Anty 



-e « , z e 



Note that {Wf }t>o represents the usual heat semigroup. We consider the operators 



A+;3..,B(ff)(x,t) = t^afPr '^(ff)(2;), X e M" and t > 0, 



and 



^-A+f},aM9)(.X't) = ^-A+p,a,BMx, ■)g)ix,t), rc G R" and t > 0, 
for every gG LP{R",B). 



We now spht the operator '^e+p.a,B as follows 

loc \ 

-A+/3,o-,sJ 



'^ff+l3,a,B 






-A+,3,(T,_B 



^1a,.,b) 



-A.CT.S- 



?loc 



(^loc 



We study firstly the operator ^^ 1 « o- s ~ =^-A+£; a 
(f2) ^^-^,,,5(/)(x,t) - ^l°l+^,.,s(/)(^,i) 



g. Let / G LP(R",dA,B). We have that 



f^ 



d'^[te-^]u-'Se-^'^{W^{ip{x,-)f){x)-W-'^{ip{x,-)f){x))du, a.e. x G R" and t > 
Indeed, let m be the smallest integer which strictly exceeds a. Then, for every x G M" and t > 0, 



?loc 



'ff+P,a,B{f){x,t) — '^-°A+P,cr,B{f){x,t) 
00 cim 



47r r(m - 0-) 



(i + s) / e 




dt 

According to Lemma [31 we get, for each x G R" and t > 

dt 



^m—a—l 



ds. 



CO /'C30 



^0 

< c 



{t + s)e J^ 



u--^e-^-{W^{v{x, ■)f){x) - W-^Mx, ■)f){x))du 
ich X G R" and t > 0, 
^^W^iipix, ■)f){x) ~ W-^{ip{x, ■)f){x)\\Bdus"^-^-'ds 



u 2e 



00 /'OO 



e s^ u ^ e 



-P^ww^ 



W^{^{x, ■)f){x) - W-'^i^ix, ■)f){x)\\Bdus 



„m-CT-l 



< C [ sup W^f (||/||b)(x) + sup ||W-^(vp(x, •)/)(a;)||s 

^«>0 u>0 /Jo 



e-^"-fcy-i- 



ds 



^m— (J— 1 



dsdu 



(13) 



< Ct"2 (supT< 



B)(a;)+sup||W^-^Kx,-)/)(x)||s 

n>0 



On the other hand, according to 120, IIL3] the maximal operator 

M^f(5)=sup|VFf(5)| 

u>0 

is bounded from L^ (R" , dA) into itself. Hence 

sup|Wf(||/||B)(a:)|<oo, a.e.xGR". 

ii>0 

Moreover, by using |10l Proposition 2.4] we can prove that the maximal operator 

W;^-'°\g){x)=Bnx^\\W-^{^{x,-)g){x)\\B 

is bounded from LP{W\dX,B) into LP(R",dA). Then, VF,"|'''°''(/)(x) < 00, a.e. x G R" 
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From (|13p we deduce that 



OO /'OO 



"'0 



9t" 

rt9f 



{t + s)e ~^^ 



u ^e 



-I3u 



X \\W^{ip{x, ■)f){x) - W-'^iifix, ■)f){x)\\Bdus'^-''-'ds < OO, a.e. x e K" and i > 

Hence dH]) holds. 

Moreover, we can write 



(14) ^^°^0,,.B(/)(x,t) - ^^°l+p,.Af){^,t) 



f{y)(f{x,y)Hp^a{x,y,t)dy, a.e. x £ M" and i > 0, 



where 



Hfi,aix,y,t) 



/■°° 2 

/ d^[te~i^]u-h-'^''{Wf{x,y)-W-^{x-y))du, x,y eR" and t > 0. 
Jo 



To show (|14p we must justify the interchange of order of integration. Since Wf{x,y) — 
W^{x,y)e " 2 " +"", x,y eW^ and u > 0, and 



(15) W^f(x,y)<C 



<c 



1 - e^^uw 



^^, x,j/GK" and < u< 1, 
(««+c|x-2;|^)^ a;,2/GM"andu>l, 



by using Lemma |2] we have that 

\dnte~^u"ie-^-\Wf{x,y)-W-^{x-y)\du 



^ „ / i^r-iar , \ / / r ' +i"~"i 2+.T+,. / _2+^ 

<C(e 2 +l)(/e " " "" du+/ u ^ du 

< C [e '"''^'"'' + 1 ] (t--^-" + 1), x,yeW and i > 0. 



Hence, by using Holder inequality we get 



\\f{y)\\B\ip{x,y)\ / rdnte~^]\u-^e-^-\W^{x,y)-W-'^{x-y)\dudy 



< cit" + r") 



I 1^ 2r.(„ + 3) 



/(2/)lls e 2 + 1 dy < OO, a; e M" and t > 0. 



Then, the equality ([H)) is established. 
Next, we show that 



(16) 



|gff,.(x,2/,-)iig<g( /^'!'!i +iog 



F-2/1 



x-yl 



(a;,y) G ./K, a; 7^ y. 



We recall that H = L^^^g, 00), f ). 

Firstly we consider /? = 0. We proceed by following some ideas developed in [101 proof of 
Lemma 3.1]. Note that, by taking into account Lemma[31 we have that 



(17) 



d^[te--]u-^du^dt 



I — — — - 







i7T{m—(7) poo r\rn /"OO 



_{t+sy_ _3 



r(m - a) Jo dV" Jo 

/ o™-'^-lil / 

r(m - a) Jo dt^ Jo 



it + s)e-^-^^u'^dus"'~''-^ds 



e 1^' w 2 dvds = 0, i > 0. 
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Hence, we can write 



11 



\v\' 



V47r Jo V TT 2 



W-^ix-y)\du 



t° 



-\y? 



47r7o 



dnte-^]u-^ W^ix.y) —Xii,oo){u) - W~^ix - y) \ du 



7r2 



d^[te *"]u '^du^ Ji{x,y,t) + J2{x,y,t), x, j/ e M" and t > 0. 



By using Minkowski's inequality and Lemma |3] it follows that 



Jiix,yr)\\H < C u-—\W^{x,y) ^^^,^^^{u) - W-^{x - y)\ [ t'"-'e--dt\ du 



,2a-l-ir-. 



< c 



'\y\' 



W^{x,y) ^X(i,oo)(") - W-'^ix - y) 



du, x,y Cz M", X ^ y. 



Then, by [1Q_, Lemma 3.4], we get 



||Ji(:r,y,-)|U<c( / + 'j', +log. ^ 



\x — y\ 2 



\x~y\ 



{x,y) £ ,yV, x^^y. 



Moreover, Lemma [3] leads to 

\\J2{x,y,-)\\H < Ce-^^^" I I e^-^il dnte-^u-"^du] dt 











2 \ 2 



Ce-I^l' [ I f"-^ ( r d^[te-^]u-Uu^ dt 

2 \^ 



d^[te~^]u^'!du] dt 



+ /. ' 



\x-y\" 2 

Putting together the above estimates we conclude that (|16l) holds for (3 — 0. 

Suppose now that /3 > 0. By using again Minkowski's inequality and Lemma |3] we deduce 
that 



2 y 
du \ dt ] 



pea -, 

(18) \\HpA^,y,-)\\H<C -\W^{x,y)-W-'^{x-y)\e-^'^du, x,y&W,x^ 



y- 



For every x G M" we define p{x) — min{l, r^}- We split the integral in P^ as follows 



p{x} 



^\W^{x,y)-W-^{x-y)\e-^-du ^ / -\Wf{x,y)-W-^{x-y)\e-^-du 



ff(„ „,\„-0ud-'^ I [ -ijii-^f -'^'^ 



+ / W^{x,y)e-"'^- + / W-'^{x - y) 

J p(x) U Jp(^) U 

3 



As in [101 p. 18] we get, for j — \ and j — 3, 



/,(x,2/)<C^±Ml_, (:„y)e^. 
|a; — y\ 2 
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Moreover, since Wf{x,y) < Cniax{u^^ , 1}, x,y S M" and w > 0, it follows that 

l2{x,y)<C <Cmax{l,\xn<C ^ ' ' , , {x,y)&^. 

Hence, we obtain 

(19) \\H^A^,y,-)\\H<C-^^^^^, {x,y)&J'. 

From (fro)) we deduce that, for every /3 > 0, 



and 



sup / \ip{x, y)\\\H p ^„{x, y, ■)\\ H dy <oo, 



sup / \ip{x,y)\\\Hi3^^{x,y,-)\\Hdx < CG. 

J/6R" JR" 



Hence, we conclude that the operator '^^fflg „ b^ "^-a+b a b ^^ bounded from _LP(M", dX, B) into 
LP{W, d\, -f{H, B)) because -f{H, C) = H.' ' 

In the second step we study the operator ^1°a+^,^.s - '^^A,a.B- Let / e L'p {R'^ , dX, B) . As 
above, we have that 

'^L°K+0^^,Bif)ix,t)~^L°l,^Bif){x,t) ^ J JiyMx,y)M'p,,{x,y,t)dy, a.e x e M" and t > 0, 

where 

^^,a(a;,2/,i) = -^ / u-id^[te-i^]{e-^'' - l)W-'^{x - y)du, x,yeR" and f > 0. 
V47r Jo 

By using Minkowski's inequality and Lemma [3] we get 

/•OO 7 

\\^pA^.y,-)\\H<C \e-P--l\W-''[x-y) — , x,yeR". 

■/o ■" 

Moreover, we have that 

f\e-^--mu^{--y)- < C f '^^du<C f l^^Y ^ 

Jo ' " ' ^' u Jo U2 Jo \\x-y\y u2 



and 



1 U Jl U2+^ |a;_y|"-2 



Hence, 






and as above we deduce that the operator ^l°^^n a s^ ^1°^ o- s i^ bounded from LP(R", dA, B) 
intoLP(M",dA,7(7J,B)). 

Minkowski's inequality leads to 



C^.i3(/)(^r) ^,^^ ,..„,</ \l~v{x,y)\\\f{y)\\BWff+p,.,B{^,y,-)\\Hdy, x e M", 



where 

^ff+p,,,{x,y,t) ^ ^ u-id^[te-^e-^^Wf{x,y)du, x,y eW and t > 0. 

V47r Jo 

We are going to estimate ||^^+^,cr(a;,y, ■)\\h, {x,y) £ .yV^- Inspired by [T71 p. 1007] we define 

r 5™ __£_ _3 
^(w, z)= / —-^[ze -i"]!; ^dv, w>0. 
Jo oz™- 
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Note that according to (|17p . ^(oo, z) = 0. By partial integration we can write 



V47ri (m — a) Jq Jq ot 



p -iixi^a—G^j-G roo /•oo p\ra 



v47rr(m — a) Jo 



■^^^.-P^^Al^l 



d 



47rr(m - a) Jo Jo "u 

„m-<T-i / ^(y^i + s) e-'^^Wf (a;,y) duds, a;,yeM" andOO. 



A'KT{m — a) 











du 



The interchange of the order of integrals in the second equality is justified by Lemma [31 
On the other hand, by using (flT)) and Lemma [3] we get 



r / V(M,i + s)s""'^"^ds 



< 



i" / s" 






H 



^-^[^e 4-]|z=t+sW 2rfvds 

<^^ 



dt 



dz' 



ze ^^]\z=t+sV ^dvds 



dt 

T 






< C 



^/u 



"y/u pOO 



dt 



oo / nOO 

\ Jy/U 



_(t±sf_ 2 + m , , \ dt 

e **" u 2 dvds — 
/ t 



' e St. -y 2 dwds — 



< 


c 


< 


c 


< 


c 


< 


c 



y^. pOO pOO pU 



Ju J ^ Jo 

^/u poo poo pU 



_^m-a-lg-f^^- 



t^'^-^e-T^'dt dvd. 



Ju J^i Jo 

^/u />S /u /"OO /"OO 



e 8"w 2 dvds 



1 _. ^-^ 1 

-e 8z 2 ^dzds 



^0 ^^/u J s'^/u 





in—a—Z 



ds 



\fu 



< C, w > 0. 



Hence, for every /3 > 0, Minkowski's inequality allows us to write that 

d 



fff+P^a{x,y,-)\\H < C 



du 



[e-P-W^ix,y)] 



du 



< C[ e-'''W^{x,y)du+ / e 



-0u 



< c(supWfix,y)+ r 

\u>0 Jo 

< CK{x,y), (x,^/)e^^ 



lwfix,y) 



|^<(x,y) 



du 



du 
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where 

{e-\y\\ if x-2/< 0, 

In the last inequahty we have taken into account ^17i p. 1008, Hne -7] and [161 Proposition 2.1]. 
Moreover, 



feA^^yr)\\H<c 



oo 







|^<(.,.) 



du<CK{x,y), ix,y)e.yV''. 



Then, according to |16[ Theorem 2.3] (see also [ini Lemma 2.7]) the operator "^g-la „ ^ is a 
bounded operator from Lp(M", dX, B) into LP(M", dA, 7(i7, B)). 

By combining all the above results we conclude that ^^+^.cr,B is bounded from L^iW^ , dX, B) 
into LP(K", dA, 7(i?, B)) if and only if ^1a,^.s is bounded from LP{W\ dX, B) into iP(]R", dA, 7(iJ, B)). 
According to |10i Proposition 2.4] ^1°a,^.s is bounded from LP(R", dA, B) into iP(M", dA, 7(iJ, B)) 
if and only if ^1°^^^.b is bounded from LP{W,B) into LP(M", 7(7?, B)). 

By Proposition ili since B is UMD, ^_a,o-,s can be extended from C^(R") (g) B to LP{R",B) 
as a bounded operator from Lp(R", B) into LP{M.",j{H, B)). According to JUl Proposition 2.3], 
it follows that ^Ia,^,^ can be extended from C^{M.") (g) B to LP(M", B) as a bounded operator 
from LP(R",B) into 'lp(IR", 7(iJ, B)). Note that in order to apply [IHl Proposition 2.3] we need 
to show that 

^-A,..s(/)(a:,t)= / rd?Pi^ix~y)f{y)dy, a.e. a; ^ supp f , 

for every / G XJ^(M") (g) i3, where the integral is understood in the j{H, i?)-Bochner sense and 
the equality is considered in j{H, B). We also have to show that 

\\t-d^Pt-^{x^y)\\H<^-^, x,yeM" and x^y. 
\x — y|" 

Moreover, we can see that the operator '^e+p^a.B is bounded (not only can be extended) from 
LP{R",dX,B) into LP (W',dX,-f{H,B)) , 1 <p<oo. 

In the next proof we need to show similar properties for an operator in the Hcrmite setting. 
We prefer to write complete proofs for the properties there because those ones will be more 
difficult and they will show how the properties can be proved in this case. D 

Finally according to Proposition [2] and [1, Lemma 3.1 and Proposition 3.3], we conclude that 
the operator ^^+a,„,B is bounded from L'^{W',B) into L'^{W,jIh,B)). 

2.2. Now we establish properties (i) , (ii) and (in) of Theorem[T] We are going to use Calderon- 
Zygmund theory for vector valued singular integrals ([18J). We consider the function 

1(7 roc 2 n 



'^^+o(aix,y,t) ^ —^= / u-2d^ te-T^ e^°"'W^{x,y)du, a;, y g E" and i > 0. 
V 47r Jo L -' 

Our aim is to show that, for a certain C > 0, 

and 

(21) ||V^^^+„,^(a;,y,-)||g + ||V^^^+c.,a(x,y,-)IU< , _ ,„+i , x,y&W, x^y. 

To see (PO)) and ([?!]) we can proceed as in t22i p. 114 and the following ones] but the calculations 
we now present are simpler than the ones in [22| . 
It is no hard to see that 



-4 ""-^"V^ + "^ + ^"TT^-- 



Tyf(x,y)=— - exp -- |x-y|^- +\x + y\'--—-\ , x,yeK" and t > 0. 
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By using Minkowski's inequality, Lemma [3] and the first inequality in (|15p we can write 



||^^+„.,(x,2/,-)|U < C 



< C 



< 



GO ^ — au 

6 "-^/ 



u-2 \Jo 



te 4,, 



oo „ — cxu 



Wfix,y)du< C 



u 

C 

, x,yeW\ .x^y. 



U2 



+1 



dt I du 
du 



\x-y\ 

In the estimation of the integral extended to the integral [0, 1] we have used [HI Lemma 1.1]. 
Then ^ is shown. 

Let j = 1, . . . , n. We have that 



dxj 
where 



d t 

'" ■+a,a{x,y,t) 



d 



(22) ^Wf{x,y) 



1 



u-2d^ 



-2« 



te 1" 



e ""- — W:^{x,y)du, x,yeW"- and < > 0, 

OXj 






1 



2l + e" , , , ,2l-e- 



Then, we obtain 



-2m 



, a;,y e M" and u > 0. 



^^^+Q,o-(a;,y, • 



< C 



a^^"(^'^) 



te 4" 



dt du 



< 



^i 

C 



irwfix,y) 



du<C 



°° 1 J^-«i^^ 
u~2- 



■; -— T, X,weM", X 7^ W. 

|x-y|"+i' '^ ' ^^ 

Since ^jf+Q^o.(a;,y,i) = ^jf+Q^o-Cj/, a;, Oj a;, y G M" and i > 0, (pijl is proved. 
We now define, for every x,y G R", x ^ y, the operator R(x,y) by 

i?(a;,y): B -^ ^{H,B) 

b — > R{x,y){b) ='^j^+a,a{x,y,-)b. 

Note that the definition of R{x,y) is consistent. Indeed, let x,y ^ R", x ^ y. According to 
((20)) . for every b £ B, R{x,y){b) € L^((0,oo), ^j^) a-^d R(x,y)(b) defines in the natural way a 
bounded operator from H into _B. Moreover, if (efc)^j^ denotes an orthonormal basis in H we 
can write 



\R{x,y){b)\\^(^H 



l{H,B) 



y^7fc / '^j^+a.cr{x,y.,t)ek{t)dtb 
fc=l -^0 



E 



OO /"OO 

V'7fc / ^s?+a,aix,y,t)ek{t)dt 
k=i -^0 



2\ 2 



< C\\b\\BWj^+o.A^,y,-)\\H<C'- 
because j{H, C) = H. This inequality shows that 

\\R{x,y)\\LiB,j{H,B)) <C\\'^J^+a,a{x,y,-)\\H < 



\B 



x-yy 

c 

\x-y\ 



beB, 



Here L{B,j{H,B)) denotes the space of bounded operators from B into j{H,B). Hence, (P0|) 
and (PT|) imply that R{x,y), x,y G R", x y^ y, satisfies the standard (i3,7(_ff, _B))-Calder6n- 
Zygmund conditions. 

We are going to see that, for every / e Cj?°(R") ® B 



(23) 



f+Q 



.a,B{f){x,t) = f / 'Sj:e+cx,a{x,y,-)f{y)dy\ (t), x^ supp /, 
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where the integral is understood in the Bochner sense on ^{H, B). 

N 

If / = ^ a,4>i, where a^ e B and cj), € C^{W'), i = l,...,N, with iV e N, we have that 

i=l 

N 

'^je+a,a.B{f){x, t) =^ a0^+a.a,c{(l^i){x, t) . 

i=l 

Hence, in order to show (P5)) it is sufficient to prove that, for every (f) e C^(IR"), 
^^+a,<7,c(0)(a;,t) = ( / ^j:e+a.a{x,y, ■)(f){y)dy] (t). 



where the integral is understood in the Bochner sense on ^{H,C) = H. 
Let (f) e C^{W) and ijj^H. We can write 



(V', / '^JX+a,a{x,y,-)(i){y)dy)H = I {-iJj,'^j^+a,a{x,y,-))H(f>{y)dy 



i^{tWse+a,a{x,y,t) — (/){y)dy, x ^ supp (j>. 
f^ 

According to (j'20p . Holder's inequality leads to 

\ij{m^+c.Ax,y,t)\-\(l){y)\dy < Mh |0(y)|||^^+a,.(x,2/, Ollffdy 

"Jo '^ JR" 



^ CUWh f j^^^dy<^, xisupp. 

v/supp 1-^ y\ 



/supp 

Then, we obtain 

('/',/ '^J^+a,aix,y,-)4'iy)dy)H = ip{t) '^J^+a,aix,y,t)(j){y)dy—, xi^suppcj). 

JR" Jo JR" '^ 

Hence, 

^j^+a,^,ci4')ix,t) = f / ^^+a,<x(a;,2/, ■)(t>{y)dy\ (t), x ^ supp 0. 

By using Calderon-Zygmund theory for vector valued singular integrals we deduce that the 
operator '^j^+a,a,B can be extended from L'^{W,B) n LP{W',B) to LP{M",B) as a bounded 
operator #sf+a.a,i3 from LP(M",B) into LP{W\j{H,B)) 1 < p < oo, from Li(R",B) into 
Li'°°(R",7(i?,BJ), and from iJi(R",B) into Li^°°(M",7(i/, B)). 
We now show that, for every / e LP(M", B), 1 < p < oo, 

(24) #^+„,,,B(/)(.x,t)- / ^^+„,<,(x,y,t)/(y)d2;. 

Let / be a function in LP{E.'\B), 1 < p < oo. We choose a sequence {fm)m=i in C^°°(IR") «> B 
such that fm ^ f, sls m ^ oo, in LP(]R",i?). Since a + n > 0, by Lemma [3] and the first 
inequality in (|15p . we can write 



oo ^ T ^ ^ — (a+n)u — c '^ J 



a? 



te 1" 





oo 

ie *■ 
^ '- 



_. l^-y|- 

du 



< Ct" I u-^ 



(l-e-4'")2 
e '^ " du 



< Ct" / u ^e-'' = du<C- ; TT—^, a;,2/GR" and t > 0. 

Then, for every N eN and x eW\ 

^J^+a.cr,B{fm){x, •) -^ ^J^+a.cr,B{f){x, ■), aS m -^ OO, 

in i2 ((^^oo) ,f ,B). Since ^^+„.,,b(/™) ^ #^+a,.,s(/), as m ^ oo, in LP(R",^{H, B)), 
there exist an increasing sequence {mk)^^i in N and a subset fi C M" such that |M" \ il| = 
and, for every x G SI, 

lim ^^+a,<T,B(/mJ(a:, •) =^^+a,CT,B(/)(a;), in ^{H,B). 
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Since 'y{H,B) is contained in the space L{H,B) of the bounded operators from H into B, we 
have that, for every x € Q, 

hm ^Ji'+a.a,B{frnk){x,-) ^^J^+a,a.Bif)ix), in L{H,B). 
m— foo 

Let a; e ri. Suppose that h Cz H and that the support of /i is a compact contained in (0,oo). 
Then, for every S ^ B* we have that 



{S,['^J^+o.,a,B{f)(x)]{h))B*^B = lim {S,[^J^+^,,,B{frn,){x,-)]{h))B', 



k~^OD 



B 



f°° dt 

°° flf 

(5,^^+„,,,s(/)(x,t))s-.i3/iWT' 
/o '^ 

and 



{S,^j^+^,„.B{f){^,t))B*,Bh{t)- 



<C\\h\\H, 



where C does not depend on h. Hence, {S,'^^+a,a.B{f){x, ■))b',b G H and, for every h E H, 

\s,'Sj^+^.^„,B{f){x,t))B',Bh{t)j = (5,[#^+„,„,b(/)(x)](/j))b.,b. 

We conclude that '^se+a.a,B{f){x) — '^^+a,a.B{f){x, •) as elements oi j{H,B). 

2.3. To complete the proof of Theorem [T] it only remains to show that there exist C > such 
that 

(25) ||/||lp(E",b) < C|l^^+„,,,B(/)|iLp(R^s), / e LP(K", i?). 

In order to prove (j25p we need the following polarization identity. 

Proposition 3. Let B be a Banach space, a > —n and a > 0. If 1 < p < oo and /i G LP{W\ B) 

(respectively, LP{«^)®B) and /a G L^' {W^) ® B* (respectively, Lp'{W\B*)), then 

(26) 

dt e^'^'^T(2o-) f 

{'^J^+a,a,B{fl){x,t),'^j^+a,a,B-{f2){x,t))B,B*dx— = -^ / {fl{x),f2{x))B,B*dx. 

Proof. Let firstly /^ G L'^{W^), j = 1, 2. We can write, 

(27) Pf+''{fj){x) = ^ e-V2|fe|+»+"(/^., /i,>fe(x), i - 1, 2, X G M" and t > 0. 

fceN" 

Note that, according to [21] (2.1) and Lemma 2.3], the last series converges uniformly in {x,t) G 
R" X (a, oo), for every a > 0, and we have that, for each x G K" and t > 0, 

^j^+c.^.,cifj)ix,t)=e-^'J2 (V2|fc| +n + a)%- V2|'=l+"+"(/^., /^,)/^,(a;), j = l,2. 

fceN" 

Indeed, let _;/ = 1,2 and assume that m is the smallest integer which strictly exceeds a. According 
again to [U (2.1) and Lemma 2.3] we deduce that the series in (P7)) is uniformly convergent in 
(a;, t) G M" X [a, b], for every < a < 6 < oo, and 



am 

-—P^+^{fj){x) = J2 (-v/2|A:|+n + a)™e-V2|'=l+"+"(/^., h,)hk{x), a; G R" and t > 0. 

feSN" 
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We have also that 



dfpf^'^imx) 



T{m — a) 

3— Z7r(?n— o") 







dt^ 



-[Pt+rimx]] 



^ni—a—l 



ds 



r{m — a) 



J2 i-Vm +n + a)"e-V2|'=l+"+"(/^., hk}hk{x) 



fceN" 

/•oo 

X / e~ 
Jq 



-sy/2\k\+n+a ^m-a-l 7 



e'""" Y, {\/'^\k\+n + aye-'y'^^''^+''+°'{fj,hk)hk{x), x G R" and t > 0. 



feeN" 



By using now Plancherel equaUty we conclude that 



(28) 



^j5f+Q,cT,c(/i)(a;, t)^j^+a,<T,c(/2)(a;, i)rfa; 



dt e^''"T{2a 



22a 



fi{x)f2{x)dx. 



Let 1 < p < 00. Since LP(R") n L^(R") is dense in LP(R") and, as it was shown above, the 
operator '^se+a,<y,C is bounded from L'?(R") into L'^{W"-,H), ioi q = p and q = p' , the equality 
holds for every /i G i?'(R") and /a G L'p' {«"-). 



N 



Suppose now that /i e LP{W\B) and /a G LP (R")«)B* is defined by /a = X^jLi ^jffj. where 
&j e B* and g-j E LP (R"), j = 1, . . . , iV, with A^ e N. We can write, for t > and a; e R", 

JV 



,a,Bifl)ix,t),'^j^+a,a,B-{f2){x,t))B,B* = Y{'^J^+a,a,Bifl)ix,t),bj)B,B*'^J^+a,a,c{9j)ix,t) 

J = l 
AT 
= Y'^J^+a,a,C {{fl,bj)B,B*) {x,t)'^J^+a,a,c{9j){x,t). 



i=i 



Hence, since {fi,bj)B.B' e ^^(R"), j = 1, . . . , iV, from ^ we infer that 



(^j5f+Q,cT,B(/i)(a;, i), ^j^+a,<T,B* (/2)(a;, t))B,B*dx 



dt p/'^'^T(2a 



i 22'^ 

In a similar way we can prove ^ when /i e LP(R") «) B and /a G Lp'(R", B*). 

We now prove ^. Let / G LP{R",B), 1 < p < 00. We have that (0 Lemma 2.3]) 

(/(a;),5(a;))s,B-da; 



{h{x)j2{x))B,B'dx. 



D 



LP(R",B) - 


sup 




geLP'(R")(»S' 

ll9lliP'(R",B-)^l 



The space B* is UMD because B is UMD. Then, by using [T^l Proposition 2.4], Proposition[31 and 
the L''-boundedness properties of the operator ^^+a,o-,B that we have established (Subsection 
2.2), we get 



{f{x),g{x))B,B'dx 



r(2a) 



f°° f dt 

/ / {^J^+a,a,B{f)ix,t),^j^+a,a,B*i9){x,t))B,B'dx — 

Jo JK" t 



< C" / Wj^+a,a,B{f){x,-)\\^^H,B)\\'^^+0',a.B-'ig)ix,-)\\^^jjg,^dx 

< C'||^^+a,CT,B(/)||^p(R„ ,,(^3)) ||^^+a,CT,B*(5)llLp'(R",7(H,B*)) 

< C||^^+„,,B(/)||^,(«„_^(^_5))||g|L,.(K„,B*), 5ei?'(R")®B*. 

Hence, we conclude that 

||/||lp(B",S) < C'||^^+„,CT,s(/)||ip(R„_..y(^_B)) ■ 

Thus, Theorem [T] is proved. 
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3. Proof of Theorem [2] 

Let J = 1, 2, ..., n. The j-th Ri( 
by 



Let j — 1,2, ..., n. The j-th Riesz transforms Rj in the Hermite setting are formally defined 



where the negative square root ^^ 2 of ^ is given by 

V'^ Jo Vt 

According to [21, (3.2)], if / G span{/ifc}fcgNn, we have that 

(29) f7^+-.V-(/)- E f^|^)'(/''^^^)'^-. 

and 



^3 



feeN" 



(30) (^-.,)^-4,/, = -5: (|L±i)'(/,M,.,,, 

where Cj is the j-th coordinate vector in M". (I^!?|) and ([50)1 suggest to define the operators Rf 



-2rm>n\ 



on L\W) by 






and 

2|fc 



^7(/) = - E ( ir^ ) ■ ifM)h.^e^, f e L^mn. 

fcsF 



Plancherel's theorem implies that Rf are bounded operators from i^(]R") into itself. Stempak 
and Torrea [211 Corollary 3.4] established that the j-th Riesz transforms Rj can be extended 
from i2(]Rn) n LP(]R") to LP{R") as a bounded operator from LP(R") into itself, for every 
1 < p < CXI. In [21] Corollary 3.4] Ap- weighted L^ spaces are even considered. 

If _B is a Banach space, the operators Rf are defined in LP(R") i?, 1 < p < 00, in the 
natural way. Abu-Falahah and Torrea in pQ Theorem 2.3] showed that Rf can be extended to 
LP{W",B) as a bounded operator from LP{M.'"-,B) into itself, 1 < p < 00, provided that _B is a 
UMD Banach space. 

By combining [21] Lemmas 4.1 and 4.2] we can write 

(31) ^j^±2.ciRfif)) = T^ (^ ± ^^) Pi'U). 

for every / G Lp(IR"), l<p<oo. IfSisa Banach space and 1 < p < 00 from (PT|) we deduce 
that 

(32) ^j^±2,B{Rtif))^Tt{J^±x^Pf{f), feLP{W)®B. 

According to pj Theorem 2.3] and Theorem[Tl T^ can be extended to LP(R", B) as a bounded 
operator from LP{W^,B) into LP{W\-i{H,B)), provided that 1 < p < 00 and B is a UMD 
Banach space. In the case of T^_ we also need assume that n > 3. 
Prom (|22p it follows that, for every x,y G R" and u > 0, 



d_ 



— —I— i' : I 1/1/ 

dx 



±x,\W^{x,v) 



-2u 

< c 



l-e-4"; Vl - e-2" 

1 /, ,2l + e-2" |2l-e- 



X exp I -- Mx - y| -^ —^ + \x + v\ 

(l-e-2«) 



1 - e-^" l + e- 

< C- 
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Then, we have that 
d 



t 



^] 



j-^t 



— ±x,]Pf{x,y) 



Jo 

^ t^ + k-y 

< Ci^ / ^,1 du < 



^±a:Awf{x,y) 



dxj 



du 



ce 



\n+Z 



M^ {t + \x-y\ 

Ct 
[t +\x — 2/1)"+^ 
By proceeding as in the proof of the corresponding property in Subsection 2.2 we can conclude 
that the operators T^ are bounded from LP(R", B) into LP{W^,j{H, B)), for every 1 < p < oo, 
when B is a UMD Banach space and n > 3 in the case of T^_ . 
Thus the proof of Theorem [5] is finished. 

4. Proof of Theorem [3] 

Theorems [T] and [5] show that (i) => (ii) and (i) => (iii). 

Suppose now that (ii) holds for some 1 < p < oo and j — 1, 2, ..., n. Then, by [21, Corollary 
3.4], dMl) and Theorem[l]we have that, for every / e LP{M.") (g> B, 

According to [1, Theorem 2.3] we conclude that i? is a UMD Banach space. Thus (ii) => (i) is 
shown. 

(Hi) =^ (i) can be proved in a similar way. 



[1 

[2 
[3] 
[4] 
[5 
[6 
[7] 

[8] 

[9] 

[10] 

[11 
[12 
[13 
[14 
[15 
[16 
[17] 
[18 
[19 



References 

I. Abu-Falahah and J. L. Torrea. Hermite function expansions versus Hermite polynomial expansions. Glasg. 

Math. J., 48(2):203-215, 2006. 

J. Betancor, J. C. Farina, L. Rodriguez-Mesa, A. Sanabria, and J. L. Torrea. Transference between Laguerre 

and Hermite settings. J. Fund. Anal, 254(3) :826-850, 2008. 

J. J. Betancor, J. C. Fariiia, T. Martinez, and J. L. Torrea. Riesz transform and g-function associated with 

Bessel operators and their appropriate Banach spaces. Israel J. Math., 157:259-282, 2007. 

J. J. Betancor, J. C. Farifia, L. Rodriguez-Mesa, A. Sanabria, and J. L. Torrea. Lusin type and cotype for 

Laguerre g-functions. Israel J. Math., 182:1-30, 2011. 

J. J. Betancor, J. C. Farina, L. Rodriguez-Mesa, R. Testoni, and J. L. Torrea. Fractional square functions 

and potential spaces. J. Math. Anal. Appl, 386(2) :487-504, 2012. 

J. Bourgain. Some remarks on Banach spaces in which martingale difference sequences are unconditional. 

Ark. Mat., 21(2):163-168, 1983. 

D. L. Burkholder. A geometric condition that implies the existence of certain singular integrals of Banach- 
space-valued functions. In Conference on harmonic analysis in honor of Antoni Zygmund, Vol. I, II 
(Chicago, III, 1981), Wadsworth Math. Ser., pages 270-286. Wadsworth, Belmont, CA, 1983. 

P. Graczyk, J. -J. Loeb, I. A. Lopez P., A. Nowak, and W. O. Urbina R. Higher order Riesz transforms, 

fractional derivatives, and Sobolev spaces for Laguerre expansions. I. Math. Pures Appl. (9), 84(3):375-405, 

2005. 

L. Grafakos, L. Liu, and D. Yang. Vector-valued singular integrals and maximal functions on spaces of 

homogeneous type. Math. Scand., 104(2):296-310, 2009. 

E. Harboure, J. L. Torrea, and B. Viviani. Vector-valued extensions of operators related to the Ornstein- 
Uhlenbeck semigroup. J. Anal. Math., 91:1-29, 2003. 

T. P. Hytonen. Littlewood-Paley-Stein theory for semigroups in UMD spaces. Rev. Mat. Iberoam., 23(3):973- 

1009, 2007. 

T. P. Hytonen and L. Weis. The Banach space-valued BMO, Carleson's condition, and paraproducts. J. 

Fourier Anal. Appl, 16(4):495-513, 2010. 

C. Kaiser. Wavelet transforms for functions with values in Lebesgue spaces. Proceedings of SPIE Optics and 

Photonics, Conf. on Mathematical Methods: Wavelets XI 5914, 2005. 

C. Kaiser and L. Weis. Wavelet transform for functions with values in UMD spaces. Studia Math., 186(2): 101— 

126, 2008. 

T. Martinez, J. L. Torrea, and Q. Xu. Vector-valued Littlewood-Paley-Stein theory for semigroups. Adv. 

Math., 203(2):430-475, 2006. 

T. Menarguez, S. Perez, and F. Soria. The Mehler maximal function: a geometric proof of the weak type 1. 

J. London Math. Soc. (2), 61(3):846-856, 2000. 

S. Perez. Boundedness of Littlewood-Paley g-functions of higher order associated with the Ornstein- 

Uhlenbeck semigroup. Indiana Univ. Math. J., 50(2):1003-1014, 2001. 

J. L. Rubio de Francia, F. J. Ruiz, and J. L. Torrea. Calderon-Zygmund theory for operator-valued kernels. 

Adv. in Math., 62(l):7-48, 1986. 

C. Segovia and R. L. Wheeden. On certain fractional area integrals. J. Math. Mech., 19:247-262, 1969/1970. 



HERMITE SQUARE FUNCTIONS FOR VECTOR- VALUED FUNCTIONS IN UMD SPACES 21 

[20] E. M. Stein. Topics in harmonic analysis related to the Littlewood-Paley theory. Annals of Mathematics 

Studies, No. 63. Princeton University Press, Princeton, N.J., 1970. 
[21] K. Stenipak and J. L. Torrea. Poisson integrals and Riesz transforms for Hermite function expansions with 

weights. J. Funct. Anal, 202(2):443-472, 2003. 
[22[ K. Stempak and J. L. Torrea. On g-functions for Hermite function expansions. Acta Math. Hangar., 109(1- 

2):99-125, 2005. 
[23[ K. Stempak and J. L. Torrea. Higher Riesz transforms and imaginary powers associated to the harmonic 

oscillator. Acta Math. Hungar., lll(l-2):43-64, 2006. 
[24[ G. Szego. Orthogonal polynomials. American Mathematical Society, Providence, R.I., fourth edition, 1975. 

American Mathematical Society, Colloquium Publications, Vol. XXHI. 
[25[ S. Thangavelu. Lectures on Hermite and Laguerre expansions, volume 42 of Mathematical Notes. Princeton 

University Press, Princeton, NJ, 1993. 
[26[ J. Torrea and C. Zhang. Fractional vector-valued Littlewood-Paley-Stein theory for semigroups. Preprint 

2011 (arXiv; 1105.6022.v3). 
[27[ J. Van Neerven. -y -radonifying operators - a survey. AMSI-ANU Workshop on Fpectral Theory and Harmonic 

Analysis, vol. 44 of Proc. Centre Math. Appl. Austral. Nat. Univ. Canberra, 2010. 
[28[ Q. Xu. Littlewood-Paley theory for functions with values in uniformly convex spaces. J. Reine Angew. Math., 

504:195-226, 1998. 



Jorge J. Betancor, Alejandro J. Castro, Juan C. Farina and Lourdes Rodriguez-Mesa 
Departamento de Analisis Matematico, Universidad de la Laguna, 
Campus de Anchieta, Avda. Astrofisico Francisco Sanchez, s/n, 
38271, La Laguna (Sta. Cruz de Tenerife), Spain 

E-mail address: jbetancoOull.es, ajcastroOull.es, jcf arinaOull.es, IrguezOull.es 

Jezabel Curbelo 

Instituto de Ciencias Matematicas (CSIC-UAM-UCM-UC3M), 

Nicolas Cabrera, 13-15, 

28049, Madrid, Spain 

E-mail address: jezabel.curbelo9icmat.es 



